Abstract. High-energy Coulomb corrections (CCs) to some quantities of the quantum Migdal theory of the Landau-Pomeranchuk-Migdal (LPM) effect are obtained analytically and numerically for the regimes of small and strong LPM suppression on the basis of a refined Molière multiple scattering theory. Numerical calculations are presented in the ranges of the nuclear charge number of a scatterer 6 ≤ Z ≤ 92 and the expansion parameter of Molière 4.5 ≤ B B ≤ 8.5. It is shown that the relative CC to the spectral bremsstrahlung rate can reach a value of the order of −19% in the ranges considered and must be borne in mind, e.g., in the Monte-Carlo analysis of electromagnetic cascade LPM showers in extremely high-energy region.
Introduction
The theory of the multiple scattering of charged particles has been treated by several authors. However, the most widely used at present is the multiple scattering theory of Molière [1] . The multiple scattering theory is of interest for numerous applications related to particle transport in matter [2] and is widely used in the cascade shower theory [3] . The neutrino-oscillation experiments [4] , the astronomical cosmic-ray observations [5] , etc., face a problem of taking into account the multiple scattering effects.
As the Molière theory can be currently used in ultrahigh-energy region, the role of the highenergy CCs to the parameters of this theory becomes significant. Of especial importance is the Coulomb correction to the screening angular parameter, as this parameter enters into other important quantities of the Molière theory and the Migdal theory of the LPM effect [6, 7] . In [7] it is shown that the CC to the spectral bremsstrahlung rate of the classical LPM effect theory [8] for the regime of small LPM suppression allows completely eliminating the discrepancy between the predictions of the LPM effect theory and its measurement at least for high-Z targets and also to further improve the agreement between the predictions of the LPM effect theory analogue for a thin layer of matter and data of SLAC E-146 experiment [9] . The aim of the presented work is a preliminary estimation of CCs to some important quantities in the quantum LPM effect theory, especially to the Migdal function G(s) and the spectral bremsstrahlung rate which are of special interest in describing the shower production at energies E exceeding 10 13 eV [10, 11] .
Qualitative evidence of the LPM effect for bremsstrahlung in nuclear-emulsion study of cosmic-ray-produced electromagnetic cascades over the range 10 11 ≤ E ≤ 10 13 eV was first reported in ref. [12] . The quantitative confirmation of this LPM predicted bremsstrahlung suppression at Serpukhov experiment gives [13] . A direct evidence for reduction of the bremsstrahlung cross section due to the LPM effect in the measurements of cosmic ray electrons at E ∼ 10 12 eV was found in [14] . In ref. [15] it is point out a significant reduction of the Migdal cross section due to LPM effect for neutrino-induced electromagnetic showers in ice over the range 10 16 ≤ E ≤ 10 20 eV; the other mechanisms of its reduction are specified in [16] .
The significance of LPM effect in studying the average behavior of electromagnetic cascade showers at extremely high energies (the so-called "LPM showers" [17] ) was shown for energies E > 3.5 · 10 13 eV in lead [17, 18] , E > 2.2 · 10 15 eV in standard rock [19] , E > 10 17 eV in air [20, 21] , etc. The big difference between the averaged LPM shower and usual ("Bethe-Heitler" [17] ) showers over the range 10 15 ≤ E ≤ 10 21 eV in lead, water and standard rock is explained in [17, 19] . A series of reports [22] is devoted to applications of the LPM effect to extremely high-energy cosmic ray research in the cosmic rays physics.
The first attempt to apply the LPM effect to the consideration of the electromagnetic cascade shower at superhigh energies was carried out in [23] . The first correct results obtained for the LPM cascade showers through Monte-Carlo simulation techniques with taking into account the LPM effect for one-dimensional case presents [24] . For both the one-dimensional and the three-dimensional cases, they were given in [25] . Calculations of LPM showers by a hybrid method, which combines a Monte-Carlo simulation with analytical calculations, were performed in [18, 26] . In [27] a matrix method for calculation of LPM showers was proposed. Characteristics of individual cascade LPM showers have been studied in [28, 29] . There have been shown the multi-peak structure of individual LPM showers [28] and a strong diversity among them [29] .
Careful investigation of fluctuations in LPM showers by simulation technique, which takes into account the LPM effect, requires a sufficiently high accuracy of its theoretical description. Since the Migdal theory does not include all the corrections that should in principle be included (in particular, the CCs) [30] , the refinement of the quantities of the conventional Migdal LPM effect theory by means of the high-energy CCs is of considerable interest. The present work is the first step in this direction. In Section 2 we present briefly our results for the high-energy CCs to the parameters of the Molière multiple scattering theory [6] . Then, in Section 3 we report the results of applying this improved Molière multiple scattering theory for obtaining CCs to the quantities of the classical and quantum LPM effect theories by Migdal [8, 10] . Finally, in Sec. 4 we briefly sum up our results and discuss some perspectives.
Coulomb corrections to the parameters of the Molière theory
In this section we present an exact analytical result for the Molière screening angular parameter θ a (θ a = √ 1.167θ a ), valid to all orders in the Born parameter ξ = Zα/β,
instead of an approximate one for the Molière θ 
that was obtained in the original paper of Molière [1] . Here, α denotes the fine structure constant, β = v/c is the velocity of a projectile in units of the velocity of light, θ
represents the Bethe-Maximon function. We also present the analytical and numerical results for the Coulomb corrections to the parameters b, B and ϑ 2 of the Molière expansion method for the angular distribution function
where ϑ is a two-dimensional particle scattering angle in the plane orthogonal to the incident particle direction, the relation ϑ 2 = θ 2 c B defines the average square value of ϑ, θ c is the characteristic angle, L denotes the thickness of an absorber, y = θ c η, η signifies the FourierBessel transform variable corresponding to ϑ, J 0 (ϑη) represents the zero-order Bessel function of the first kind and the expansion parameter B is defined by the transcendental equation
For the Coulomb corrections to the Born parameters b B , B B and ϑ 2 B , we get
The relative Coulomb corrections become
The relative difference between the approximate θ M a and exact θ a results reads
The Z dependence of these corrections and differences presents figure 1. It shows that while the modules of the quantities δ CC ϑ 2 and ∆ CCM [θ a ] reach about 6% for high-Z targets [2] . They will also be used below. Figure 1 . The Z dependence of the Coulomb corrections to some parameters of the Molière multiple scattering theory and the differences between exact and approximate results [6] .
3. Applying the improved Molière theory to the description of the LPM effect 3.1. Coulomb corrections to the quantities of classical LPM effect theory Based on the Coulomb corrections found in the previous section, we first get the analytical and numerical results for the Coulomb corrections to the quantities of the classical Migdal theory of the LPM effect for sufficiently thick targets, the basic formulae of which in the unitsh = c = 1, e 2 = 1/137 read [8, 31] 
Φ(s) = 24s
Here, dI/dω is the electron spectral bremsstrahlung intensity averaged over various trajectories of electron motion, (dI/dω) 0 signifies the spectral bremsstrahlung intensity without accounting the multiple scattering effects in the radiation and γ denotes the Lorentz factor of the scattered particle.
The analytical result for the Coulomb correction ∆ CC to the Born spectral bremsstrahlung rate (dI/dω) 0 is as follows:
where ∆ CC ϑ 2 is given by (4). In doing so,
For the regime of small LPM suppression, Φ(s) ≈ 1 − 0.012/s 4 , the analytical result for the relative Coulomb correction to the Migdal function Φ(s) in the entire range 1 ≤ s ≤ ∞ reads
where [9] and also the population mean δ CC [ dI/dω ] µ (%) over the entire range This means that applying the improved multiple scattering theory by Molière allows one to avoid multiplying the results of predictions of the conventional Migdal LPM effect theory by a normalization factor and leads to agreement between the improved Migdal theory of the LPM effect and experimental data. We believe that this allows one to understand the origin of the normalization problem for high-Z targets discussed in [9] . 
Applying the improved Molière theory to the description of an analogue of the LPM effect theory for a thin target
Application of the Molière multiple scattering theory to the analysis of experimental data [9] for a thin target is based on the use of the following expression for the spectral radiation rate [32] :
which has two simple asymptotes at the small and large values of the parameter χ = γϑ/2,
In the first case γ 2 ϑ 2 1, we have
In the second case γ 2 ϑ 2 1, we find
The Coulomb correction (16) then becomes
and we arrive at a result:
The numerical values of our corrections additionally improve the agreement between the predictions of the LPM effect theory analogue for a thin layer of matter and experiment [9] (figure 2, the dashed line "VKT") [7] . [9] . The solid and dashed lines over the range ω < 30 MeV are the results of calculations without (S-F) and with the obtained Coulomb corrections (VKT) [7] .
Coulomb corrections to some quantities of quantum LPM effect theory
We have also obtained analytical and numerical results for the Coulomb corrections to the quantities of the quantum Migdal LPM effect theory [10, 31] 
with the energy of radiation ε = ω/E in units of the incident particle energy E, Migdal's parameter s = (ω/q)/8γ 2 and the Migdal functions G(s) and Φ(s)
For the relative Coulomb correction to the Born spectral bremsstrahlung rate (19) one can get 1. B B = 8.46, s = 1.5 and β = 1. 
in accordance with (5) and (12), we have obtained: 
in the regime of small LPM suppression. For the regime of strong LPM suppression
we find The contribution of this correction should be appropriately considered, for instance, in the accurate modeling of electromagnetic cascade LPM showers in ultrahighenergy region.
• The further development of this approach involves primarily taking into account together with the bremsstrahlung also pair production. On the basis of this analytical approach and the Monte-Carlo methods including refined quantities of the quantum LPM effect theory, we will try to contribute to the clarification for the structure of three dimensional cascade showers and also to solving the problem of diversity among them [33] .
• The developed approach can also be useful for the analysis of cosmic-ray experiments in ultrahigh-energy region, where the LPM effect becomes significant (e.g., in applications motivated by a research of the superhigh-energy IceCubes neutrino-induced showers over the energy region 10 16 ≤ E ≤ 10 19 [34] , in exploring the properties of the extremely highenergy LPM showers, for computing their characteristics, etc. [28] ).
